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The eccentric distance sum is a novel topological index that offers a vast potential
for structure activity/property relationships. For a graph G , it is deﬁned as ξd(G) =∑
v∈V ε(v)D(v), where ε(v) is the eccentricity of the vertex v and D(v) =
∑
u∈V (G) d(u, v)
is the sum of all distances from the vertex v . Motivated by [G. Yu, L. Feng, A. Ilic´, On
the eccentric distance sum of trees and unicyclic graphs, J. Math. Anal. Appl. 375 (2011)
934–944], in this paper we characterize the extremal trees and graphs with maximal
eccentric distance sum. Various lower and upper bounds for the eccentric distance sum in
terms of other graph invariants including the Wiener index, the degree distance, eccentric
connectivity index, independence number, connectivity, matching number, chromatic
number and clique number are established. In addition, we present explicit formulae for
the values of eccentric distance sum for the Cartesian product, applied to some graphs of
chemical interest (like nanotubes and nanotori).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple connected graph with the vertex set V (G). For a vertex v ∈ V (G), deg(v) denotes the degree of v . For
vertices u, v ∈ V (G), the distance d(u, v) is deﬁned as the length of the shortest path between u and v in G and DG(v) (or
D(v) for short) denotes the sum of all distances from v . The eccentricity ε(v) of a vertex v is the maximum distance from
v to any other vertex. The radius r(G) of a graph is the minimum eccentricity among the vertices of G , while the diameter
d(G) of a graph is the maximum eccentricity among the vertices of G . Let Sn and Pn be a star and a path on n vertices,
respectively.
The Wiener index is deﬁned as the sum of all distances between unordered pairs of vertices
W (G) =
∑
{u,v}⊆V (G)
d(u, v).
It is considered as one of the most used topological index with high correlation with many physical and chemical indices
of molecular compounds (for the recent survey on Wiener index see [8,9]).
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Gutman [23] as a graph-theoretical descriptor for characterizing alkanes; it can be considered as a weighted version of the
Wiener index
DD(G) =
∑
{u,v}⊆V (G)
(
deg(u) + deg(v))d(u, v) = ∑
v∈V (G)
deg(v) · DG(v),
where the summation goes over all pairs of vertices in G . In fact, when G is a tree on n vertices, it has been demonstrated
that Wiener index and degree distance are closely related by (see [19,20]) DD(G) = 4W (G) − n(n − 1).
Sharma, Goswami and Madan [32] introduced a distance-based molecular structure descriptor, eccentric connectivity index
(ECI) deﬁned as
ξ c(G) =
∑
v∈V (G)
ε(v)deg(v).
The index ξ c(G) was successfully used for mathematical models of biological activities of diverse nature [12,13,16,26,
30,32]. The investigation of its mathematical properties started only recently (for a survey on eccentric connectivity index
see [22]). In [10,21,28,36], the extremal graphs in various class of graphs with maximal or minimal ECI are determined. In
[1,2,11] the authors determined the closed formulae for the eccentric connectivity index of nanotubes and nanotori.
It is sometimes interesting to consider the sum of eccentricities of all vertices of a given graph G [6]. We call this
quantity the total eccentricity of the graph G and denote it by
ζ(G) =
∑
v∈V (G)
ε(v).
Recently, a novel graph invariant for predicting biological and physical properties – eccentric distance sum was introduced
by Gupta, Singh and Madan [16]. The authors in [16] have shown that some structure activity and quantitative structure-
property studies using eccentric distance sum were better than the corresponding values obtained using the Wiener index.
The eccentric distance sum of G (EDS) is deﬁned as
ξd(G) =
∑
v∈V (G)
ε(v)DG(v).
The eccentric distance sum can be deﬁned alternatively as
ξd(G) =
∑
{u,v}⊆V (G)
(
ε(v) + ε(u))d(u, v).
In [35] the present authors investigated the eccentric distance sum of unicyclic graphs with given girth and characterized
the extremal graphs with the minimal and the second minimal eccentric distance sum. Furthermore, the authors character-
ized the extremal trees with minimal and second minimal eccentric distance sum in the class of trees with given diameter.
Inspired by papers [1,35] we continue the research on the eccentric distance sum invariant.
This paper is organized as follows. In Section 2 we introduce one graph transformation that increases the eccentric
distance sum and using this result we prove that path Pn is the unique extremal tree on n vertices having maximum ξd(G).
In Section 3 we present explicit formulae for the values of eccentric distance sum for the Cartesian product, applied to some
graphs of chemical interest. In Section 4 various lower and upper bounds for the eccentric distance sum in terms of other
graph invariants (the Wiener index, the degree distance, eccentric connectivity index, independence number, connectivity,
matching number, chromatic number and clique number) are established.
2. The maximal EDS of trees
Theorem 2.1. Let w be a vertex of a nontrivial connected graph G. For nonnegative integers p and q, let G(p,q) denote the graph
obtained from G by attaching to vertex w pendant paths P = wv1v2 . . . vp and Q = wu1u2 . . .uq of lengths p and q, respectively.
Let G(p + q,0) = G(p,q) − wu1 + vpu1 . Let r be the eccentricity of the vertex w in G. If r  p  q 1, then
ξd
(
G(p,q)
)
< ξd
(
G(p + q,0)).
Proof. Let ε′(v) (resp. ε(v)) denote the eccentricity of v in G(p + q,0) (resp. G(p,q)). Since ε(w) = r  p  q, we have
ε′(vi) ε(vi) = i + r, i = 1,2, . . . , p,
ε′(u j) = p + j + r, ε(u j) = j + r, j = 1,2, . . . ,q,
ε′(w) ε(w) = r.
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from w to all vertices from G .
We have the following contribution of vertices v1, v2, . . . , vp in EDS of G(p,q)
p∑
i=1
(i + r)((1+ · · · + (i − 1))+ (1+ · · · + (p − i))+ ((i + 1) + · · · + (i + q))+ |G| · i + D),
while in EDS of G(p + q,0) we have at least
p∑
i=1
(i + r)((1+ · · · + (i − 1))+ (1+ · · · + (p − i + q))+ |G| · i + D).
For the difference of contributions for ξd(G(p + q,0)) and ξd(G(p,q)), we get
1 − pq
6
(
2+ 3p + p2 + 6r).
Similarly, we have the following contribution of vertices u1,u2, . . . ,uq in EDS of G(p,q)
q∑
j=1
( j + r)(1+ · · · + ( j − 1) + 1+ · · · + (q − j) + ( j + 1) + · · · + ( j + p) + |G| · j + D),
while in EDS of G(p + q,0) we have at least
q∑
j=1
(p + j + r)(1+ · · · + ( j + p − 1) + 1+ · · · + (q − j) + |G| · ( j + p) + D).
For the difference of contributions for ξd(G(p + q,0)) and ξd(G(p,q)) we get
2 
pq
6
(−5+ 6D + 3p2 − 3q + 3pq + 2q2 − 6r + 6|G|(1+ p + q + r)).
We have the following contribution of vertices from G in EDS of G(p,q)
∑
v∈G
ε(v)
(∑
u∈G
d(u, v) +
p∑
i=1
(
d(v,w) + i)+ q∑
j=1
(
d(v,w) + j)
)
,
while in EDS of G(p + q,0) we have at least
∑
v∈G
ε(v)
(∑
u∈G
d(u, v) +
p∑
i=1
(
d(v,w) + i)+ q∑
j=1
(
d(v,w) + j + p)
)
.
For the difference of contributions for ξd(G(p + q,0)) and ξd(G(p,q)) we get
3  pq
∑
v∈G
ε(v).
By summing all contributions, we get
ξd
(
G(p + q,0))− ξd(G(p,q))
1 + 2 + 3
 pq
6
(
−7+ 6D + 2p2 − 3p + 3pq − 3q + 2q2 − 12r + 6|G|(1+ p + q + r) + 6
∑
v∈G
ε(v)
)
.
Obviously, we have |G| 2 and 6|G|(1+ p + q + r) > 7+ 3p + 3q + 12r. Therefore, ξd(G(p + q,0)) > ξd(G(p,q)). 
Note that if T  Pn , then in T there is always a vertex w of degree greater than 2, such that we can apply Theorem 2.1
on w .
Let e = (u, v) be an edge of G such that G ′ = G − e is also connected. The removal of e does not introduce shorter paths
than the ones in G , and therefore d(i, j) d′(i, j) for all i, j ∈ V . Moreover, 1 = d(u, v) < d′(u, v) and
ξd(G) < ξd
(
G ′
)
.
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ξd(G) ξd(T ). (1)
The inequality (1) shows that the maximum eccentric distance sum will be attained for a particular tree. By repeated
application of Theorem 2.1, the path Pn has maximal eccentric distance sum among all n-vertex graphs.
Theorem 2.2. Among graphs on n vertices, the complete graph Kn has minimum and the path Pn has maximum value of eccentric
distance sum.
Next we will calculate ξd(Pn).
Lemma 2.3. (See [27].) Let Pn = v0v1 . . . vn−1 be a path of order n. Then
DPn (v j) =
1
2
(
2 j2 − 2(n − 1) j + (n − 1)2 + (n − 1))
for 0 j  n − 1.
Using the following formula for the vertex eccentricities of a path,
εPn (v j) =
{
j if n−12  j  n − 1,
n − 1− j if 0 j  n−12  − 1,
ﬁnally, we have
ξd(Pn) =
{
25n4
96 − n
3
6 − 17n
2
48 + n6 + 332 if n is odd,
25n4
96 − n
3
6 − 7n
2
24 + n6 if n is even.
3. Composite graphs
In [11,18,25,34], the authors obtained the eccentric connectivity index, the ﬁrst and second Zagreb index, the PI index
and the Wiener-type indices of some graph operations. Motivated by these results, here we present explicit formulae for
the values of the eccentric distance sum for the Cartesian product and join of graphs.
The Cartesian product G1  G2  · · · Gk of graphs G1,G2, . . . ,Gk has the vertex set V (G1) × V (G2) × · · · × V (Gk), two
vertices (u1,u2, . . . ,uk) and (v1, v2, . . . , vk) being adjacent if they differ in exactly one position, say in i-th, and ui vi is
an edge of Gi . It is well known (see [24]) that for G = G1  G2  · · ·  Gk and its two vertices u = (u1,u2, . . . ,uk) and
v = (v1, v2, . . . , vk) we have
dG(u, v) =
k∑
i=1
dGi (ui, vi).
The following relation is easily deduced
εG1G2(u1,u2) = εG1(u1) + εG2(u2).
Theorem 3.1. For graph G and H, we have
ξd(G  H) = |H|2 · ξd(G) + |G|2 · ξd(H) + 2|G|ζ(G) · W (H) + 2|H|ζ(H) · W (G),
where |G| and |H| denote the number of vertices of G and H, respectively.
Proof. For graphs G and H , we have
ξd(G  H) = ∑
(u1,v1),(u2,v2)∈V (GH)
(
εGH (u1, v1) + εGH (u2, v2))dGH((u1, v1), (u2, v2))
=
∑
u1,u2∈G, v1,v2∈H
(
εG(u1) + εH (v1) + εG(u2) + εH (v2)
)(
dG(u1,u2) + dH (v1, v2)
)
=
∑ ∑ (
εG(u1) + εG(u2)
)
dG(u1,u2) +
∑ ∑ (
εH (v1) + εH (v2)
)
dH (v1, v2)u1,u2∈G v1,v2∈H u1,u2∈G v1,v2∈H
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∑
u1,u2∈G
∑
v1,v2∈H
(
εG(u1) + εG(u2)
)
dH (v1, v2) +
∑
u1,u2∈G
∑
v1,v2∈H
(
εH (v1) + εH (v2)
)
dG(u1,u2)
= |H|2 · ξd(G) + |G|2 · ξd(H) + 2|G|ζ(G) · W (H) + 2|H|ζ(H) · W (G).
This completes the proof. 
It can be checked that (see [6,18])
W (Pn) = 1
6
n(n − 1)(n + 1),
W (Cn) =
⎧⎨
⎩
n3
8 if n is even,
n(n2−1)
8 if n is odd,
ζ(Pn) =
⌊
3
4
n2 − 1
2
n
⌋
=
{
3
4n
2 − 12n if n is even,
3
4n
2 − 12n − 14 if n is odd,
ζ(Cn) = n
⌊
1
2
n
⌋
=
{
1
2n
2 if n is even,
1
2n(n − 1) if n is odd.
Since for a vertex u in Cn , ε(u) =  n2 	, we have
ξd(Cn) =
⌊
n
2
⌋
2W (Cn) = n
⌊
n
2
⌋⌊
n2
4
⌋
=
{
1
8n
4 if n is even,
1
8n(n − 1)(n2 − 1) if n is odd.
For the rectangular grid Pn  Pm , from Theorem 3.1, it follows
ξd(Pn  Pm) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1
96mn(32m − 24m2 + (32− 56m − 32m2 + 25m3)n
− (24+ 32m − 48m2)n2 + 25mn3) if n,m are even,
1
96n(8m + 32m2 − 24m3 + (9+ 32m − 62m2 − 32m3 + 25m4)n
− (32m + 32m2 − 48m3)n2 + 25m2n3) if n is even,m is odd,
1
96m(8n + 32n2 − 24n3 + (9+ 32n − 62n2 − 32n3 + 25n4)m
− (32n + 32n2 − 48n3)m2 + 25n2m3) if n is odd,m is even,
1
96 (9m
2 + (16m + 32m2 − 32m3)n + (9+ 32m − 68m2
− 32m3 + 25m4)n2 − (32m + 32m2 − 48m3)n3 + 25m2n4) if n,m are odd.
A C4 nanotorus is a Cartesian product of two cycles Cn  Cm , and it follows
ξd(Cn  Cm) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
1
8m
2n2(m + n)2 if n,m are even,
1
8mn
2(1−m −m2 +m3 − (1+m − 2m2)n +mn2) if n is even,m is odd,
1
8nm
2(1− n − n2 + n3 − (1+ n − 2n2)m + nm2) if n is odd,m is even,
1
8mn(2m −m2 + (2− 2m − 2m2 +m3)n − (1+ 2m − 2m2)n2 +mn3) if n,m are odd.
A C4 nanotube is a Cartesian product of path and cycle Pn  Cm , and it follows
ξd(Pn  Cm) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1
96m
2n(16− 16m − (28+ 12m − 12m2)n − (16− 34m)n2 + 25n3) if n,m are even,
1
96mn(32m − 16m2 + (24− 40m − 24m2 + 12m3)n
− (18+ 32m − 34m2)n2 + 25mn3) if n is even,m is odd,
1
96m
2(9+ (16− 22m)n − (34+ 12m − 12m2)n2
− (16− 34m)n3 + 25n4) if n is odd,m is even,
1
96m(9m + (6+ 32m − 22m2)n + (24− 46m − 24m2 + 12m3)n2
− (18+ 32m − 34m2)n3 + 25mn4) if n,m are odd.
Let G and H be two graphs with |G| and |H| vertices, and ‖G‖ and ‖H‖ edges, respectively. The join G ∨ H of graphs G
and H with disjoint vertex sets V (G) and V (H) and edge sets E(G) and E(H) is the graph union G ∪ H together with all
the edges joining V (G) and V (H).
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εG∨H (v) =
{
1 if degG(v) = |G| − 1,
2 if degG(v) < |G| − 1,
DG∨H (v) =
{ |G| − 1+ |H| if degG(v) = |G| − 1,
degG(v) + 2(|G| − 1− degG(v)) + |H| if degG(v) < |G| − 1.
Let
AG =
{
v
∣∣ v ∈ G, degG(v) = |G| − 1}, BG = {v ∣∣ v ∈ G, degG(v) < |G| − 1},
AH =
{
v
∣∣ v ∈ H, degH (v) = |H| − 1}, BH = {v ∣∣ v ∈ H, degH (v) < |H| − 1}.
Theorem 3.2. For graphs G and H with parameters described above, we have
ξd(G ∨ H) = 4(|G|2 + |H|2 + |G||H| − |G| − |H| − ‖G‖ − ‖H‖)− (|G| + |H| − 1)(|AG | + |AH |).
Proof. For graphs G and H , we have
ξd(G ∨ H) =
∑
v∈AG
εG∨H (v)DG∨H (v) +
∑
v∈BG
εG∨H (v)DG∨H (v) +
∑
v∈AH
εG∨H (v)DG∨H (v) +
∑
v∈BH
εG∨H (v)DG∨H (v)
= |AG |
(|G| − 1+ |H|)+ 2 ∑
v∈BG
(
degG(v) + 2
(|G| − 1− degG(v))+ |H|)+ |AH |(|H| − 1+ |G|)
+ 2
∑
v∈BH
(
degH (v) + 2
(|H| − 1− degH (v))+ |G|)
= |AG |
(|G| − 1+ |H|)+ 2(2|G| + |H| − 2)|BG | − 2 ∑
v∈BG
degG(v) + |AH |
(|H| − 1+ |G|)
+ 2(2|H| + |G| − 2)|BH | − 2 ∑
v∈BH
degH (v)
= |AG |
(|G| − 1+ |H|)+ 2(2|G| + |H| − 2)(|G| − |AG |)− 2
(
2‖G‖ −
∑
v∈AG
degG(v)
)
+ |AH |
(|H| − 1+ |G|)+ 2(2|H| + |G| − 2)(|H| − |AH |)− 2
(
2‖H‖ −
∑
v∈AH
degH (v)
)
= |AG |
(−|G| − |H| + 1)+ |G|(4|G| + 2|H| − 4)− 4‖G‖ + |AH |(−|G| − |H| + 1)
+ |H|(4|H| + 2|G| − 4)− 4‖H‖
= 4(|G|2 + |H|2 + |G||H| − |G| − |H| − ‖G‖ − ‖H‖)− (|G| + |H| − 1)(|AG | + |AH |),
and this completes the proof. 
4. Relations with other parameters
The graphs satisfying r(G) = d(G) are called self-centered graphs [5].
Theorem 4.1. Let G be a connected graph with radius r(G) and diameter d(G). Then
2W (G) · r(G) ξd(G) 2W (G) · d(G),
with equality if and only if G is a self-centered graph.
Proof. Using simple inequality r(G) ε(v) d(G) and
∑
v∈V D(v) = 2W (G), the result follows. 
Let Kn − ke be the graph formed by deleting k, where k = 1,2, . . . ,  n2 	, independent edges from the complete graph Kn .
Theorem 4.2. Let G be a connected graph on n 3 vertices. Then
ξd(G) 2n · W (G) − DD(G),
with equality if and only if G ∼= Kn − ke, for k = 0,1, . . . ,  n 	, or G ∼= P4 .2
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equality is achieved for ε(v) = 1 and deg(v) = n − 1, or ε(v) 2 and d2(v) = d3(v) = · · · = dε(v)(v) = 1. Next, we get
ξd(G)
∑
v∈V (G)
(
n − deg(v))DG(v)
= n
∑
v∈V (G)
DG(v) −
∑
v∈V (G)
deg(v)DG(v)
= 2n · W (G) − DD(G).
Suppose that equality holds in the above inequality. If ε(u) = 1 for some u ∈ V (G), then deg(v) = n − 1 and ε(v)  2
for all v = u. If ε(v) = 1 for all v ∈ V (G), then G ∼= Kn . Suppose that ε(v) = 2 for some v ∈ V (G). Then, there exists a
vertex w ∈ V (G), such that d(v,w) = 2. Since d2(v) = d2(w) = 1, the vertex v is unique for ﬁxed v , and it follows that
deg(v) = deg(w) = n − 2. This implies that G ∼= Kn − ke, for k = 1,2, . . . , n−12 	.
In the other case, ε(u) 2 for all u ∈ V (G). If ε(v) = 2 for all v ∈ V , then deg(v) = n − 2 for all v ∈ V (G), implying that
G ∼= Kn − n2 e (with even n). If ε(v) 3 for some vertex v , then the diameter of G is equal to 3 (otherwise, the center vertex
would have at least two neighbors at distance two), and G ∼= P4.
It can be easily seen that the upper bound for ξd(G) is attained for G ∼= Kn − ke, k = 0,1, . . . ,  n2 	, or G ∼= P4. 
Let G be a connected graph on n 3 vertices and minimum degree δ. Then from the proof of Theorem 4.2, we have
ξd(G)
∑
v∈V (G)
(
n − deg(v))DG(v) 2(n − δ)W (G),
with equality if and only if G ∼= Kn or G ∼= Kn − n2 e for even n.
Theorem 4.3. Let G be a connected graph on n 3 vertices. Then ξ c(G) ξd(G) with equality if and only if G ∼= Kn.
Proof. The result follows using simple relation DG(v) deg(v), with equality if and only if ε(v) = 1 and deg(v) = n−1. 
Lemma 4.4. (See [14].) Let G be a connected graph on n 3 vertices and m edges. For any v ∈ V (G), we have
n − 1 DG(v) 1
2
(n − 1)(n + 2) −m,
these bounds can be achieved for each m, n − 1m (n2).
Theorem 4.5. Let G be a connected graph on n 3 vertices and m edges. Then
(n − 1)ζ(G) ξd(G)
(
1
2
(n − 1)(n + 2) −m
)
· ζ(G).
The lower bound holds if and only if G ∼= Kn, while the upper bound can be achieved for each m, n − 1m
(n
2
)
.
Proof. The lower bound can be derived using a simple inequality DG(v) n − 1. For the upper bound, using Lemma 4.4 it
follows
ξd(G) =
∑
v∈V (G)
ε(v)DG(v)

(
1
2
(n − 1)(n + 2) −m
) ∑
v∈V (G)
ε(v)
=
(
1
2
(n − 1)(n + 2) −m
)
ζ(G).
This implies the result. 
A subset S of V (G) is called an independent set of G if no two vertices in S are adjacent in G . The independence number
of G , denoted by α(G), is the size of a maximum independent set of G .
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Theorem 4.6. Let G be a connected graph of order n with the independence number α. Then
ξd(G) n2 + (α − 1)n + 2α2 − 3α,
with equality if and only if G ∼= Kα ∨ Kn−α .
For k 1, a graph G is k-connected if either G is a complete graph Kk+1, or G has at least k+2 vertices and contains no
(k − 1)-vertex cut. The maximal value of k for which a connected graph G is k-connected is the connectivity of G , denoted
by κ(G). If G is disconnected, we deﬁne κ(G) = 0. If G is a graph of order n, then (1) κ(G) κ ′(G) n−1; (2) κ(G) = n−1,
κ ′(G) = n − 1 and G ∼= Kn are equivalent [17].
Theorem 4.7. Let G be a connected graph of order n with the vertex connectivity k. Then
ξd(G) n2 + (k + 1)n − (k + 1)2 − 1,
with equality if and only if G ∼= Kk ∨ (K1 ∪ Kn−k−1).
Proof. Let G∗ be a graph having the minimum EDS among all connected graphs of order n with connectivity k. Then there
exists a vertex cut C∗ ⊂ V (G∗) with |C∗| = k, such that G∗−C∗ = G1∪G2∪· · ·∪Gt , where G1,G2, . . . ,Gt are t  2 connected
components of G∗ − C∗ . Since adding edges will decrease EDS, we have t = 2, graphs G1, G2 and C∗ are complete, and any
vertex of G1 and G2 is adjacent to any vertex in C∗ . Let ni = |Gi | for i = 1,2 and n1  n2. Then G∗ ∼= Kk ∨ (Kn1 ∪ Kn2 ) and
n1 + n2 = n − k. Therefore
ξd
(
G∗
)= ∑
v∈V (Kk)
εG∗(v)DG∗(v) +
∑
v∈V (Kn1 )
εG∗(v)DG∗(v) +
∑
v∈V (Kn2 )
εG∗(v)DG∗(v)
= k(k − 1+ n1 + n2) + n1 · 2(k + 2n2 + n1 − 1) + n2 · 2(k + 2n1 + n2 − 1)
= k(k − 1) + (3k − 1)(n1 + n2) + 4n1n2 + n21 + n22
= k(k − 1) + (3k − 1)(n − k) + 2n1n2 + (n − k)2
 k(k − 1) + (3k − 1)(n − k) + 2(n − k − 1) + (n − k)2
= n2 + (k + 1)n − k2 − 2k − 2,
and the last equality holds if and only if n1 = 1 and n2 = n − k − 1. 
A matching M of the graph G is a subset of E(G) such that no two edges in M share a common vertex. The matching
number of the graph G , denoted by β(G), is the number of edges in a maximum matching. For a connected graph G
with n  2 vertices, β(G) = 1 if and only if G ∼= Sn or G ∼= K3, where Sn is the star with n vertices. Thus, we consider
graphs with matching number at least 2. If β(G) = n2 , the graph has a perfect matching. Feng and Ilic´ [15] investigated the
Zagreb, Harary and hyper-Wiener indices of graphs with given matching number. By modifying their method, we can get
the following result.
Theorem 4.8. Let G be a connected graph of order n with the matching number β , 2  β   n2 	. Let b = 120 (9 + 5n +√
(9+ 5n)2 + 40(1− 5n)). Then the following statements hold:
(1) if β =  n2 	, then ξd(G) n(n − 1), with equality if and only if G ∼= Kn;
(2) if b < β   n2 	 − 1, then ξd(G) 4n2 − 9n − 8β2 + 12β + 1 with equality if and only if G ∼= K1 ∨ (K2β−1 ∪ Kn−2β);
(3) if β = b, then ξd(G)  4n2 − 9n − 8β2 + 12β + 1 = 4n2 − 5nβ − 4n + 2β2 + 3β with equality if and only if G ∼= K1 ∨
(K2β−1 ∪ Kn−2β), or G ∼= Kβ ∨ Kn−β ;
(4) if 2 β < b, then ξd(G) 4n2 − 5nβ − 4n + 2β2 + 3β with equality if and only if G ∼= Kβ ∨ Kn−β .
Let Tn,k be the Turán graph which is a complete k-partite graph on n vertices whose partite sets differ in size by at most
one. This famous graph appears in many extremal graph theory problems [4,29,33].
Theorem 4.9. Let G be a connected graph of order n with chromatic number χ . Assume that n = χ s + r with 0 r < χ . Then
ξd(G) 2
(
n2 + (n + r −χ)s − n),
with equality if and only if G ∼= Tn,χ .
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Proof. Let G∗ be a χ -chromatic graph with minimal EDS. Since adding new edges in a graph decreases EDS, G∗ must be of
the form Kn1 ∨ · · · ∨ Knχ . For any v ∈ V (Kni ), it holds ε(v) = 2 and D(v) = n + ni − 2. Therefore, we have
ξd
(
G∗
)= χ∑
i=1
2ni(n + ni − 2) = 2n(n − 2) + 2
χ∑
i=1
n2i .
Assume that n1  n2  · · · nχ . If 2 ni < n j , let
G ′ = Kn1 ∨ · · · ∨ Kni+1 ∨ · · · ∨ Kn j−1 ∨ · · · ∨ Knχ .
Then we have
ξd
(
G∗
)− ξd(G ′)= 2n2i + 2n2j − 2(ni + 1)2 − 2(n j − 1)2
= 4(n j − ni − 1) 0.
Therefore, Tn,χ has the minimal EDS. By simple calculations, we get
ξd(Tn,χ ) = 2n(n − 2) + 2
(
(s + 1)2r + s2(χ − r))= (n2 + (n + r −χ)s − n),
which completes the proof. 
The clique number of a graph G is the size of a maximal complete subgraph of G and it is denoted as ω(G).
The kite K (n,k) is obtained from a complete graph Kk and a path Pn−k+1, by joining one of the end vertices of Pn−k+1
to one vertex of Kk (see Fig. 1). An asymptotically sharp upper bound for the eccentric connectivity index is derived inde-
pendently in [10,28], with the extremal graph K (n, n/3	). Furthermore, it is shown that the eccentric connectivity index
grows no faster than a cubic polynomial in the number of vertices.
By similar transformation as described in Theorem 2.1, we can prove that
Theorem 4.10. Let G be a connected graph of order n with clique number ω. Then
ξd(G) ξd
(
K (n,ω)
)
,
with equality if and only if G ∼= K (n,ω).
Finally, we calculate the exact value of ξd(K (n,ω)), which is
ξd
(
K (n,ω)
)=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
96 (112ω − 292ω2 + 236ω3 − 59ω4 − 208n + 608ωn − 552ω2n
+ 152ω3n − 220n2 + 300ωn2 − 102ω2n2 + 16n3 − 16ωn3 + 25n4) if n −ω is even,
1
96 (9+ 100ω − 286ω2 + 236ω3 − 59ω4 − 208n + 608ωn − 552ω2n
+ 152ω3n − 226n2 + 300ωn2 − 102ω2n2 + 16n3 − 16ωn3 + 25n4) if n −ω is odd.
To get the result, let u be the vertex with degree deg(u) = ω.
For the vertex u, we have ε(u) = n − ω and
D(u) = (ω − 1) + 1+ 2+ · · · + (n − ω) = ω − 1+ 1
2
(n − ω + 1)(n − ω).
For v ∈ Kω , we have ε(v) = n − ω + 1 and
D(v) = ω − 2+ 1+ 2+ · · · + (n −ω + 1) = ω − 2+ 1 (n − ω + 1)(n − ω + 2).
2
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ε(v j) =
{
j + 2 if n−ω−12  − 1 j  n − ω − 1,
n −ω − 1− j if 0 j  n−ω−12  − 2,
and
D(v j) = 12
(
2 j2 − 2(n −ω − 1) j + (n −ω − 1)2 + (n − ω − 1))+ j + 1+ ( j + 2)(ω − 1)
= 1
2
(−2+ 2 j + 2 j2 + 5ω + 4 jω + ω2 − n − 2 jn − 2ωn + n2).
If n − ω is even,
n−ω
2 −2∑
j=0
ε(v j)D(v j) =
n−ω
2 −2∑
j=0
(n −ω − 1− j)
(
1
2
(−2+ 2 j + 2 j2 + 5ω + 4 jω + ω2 − n − 2 jn − 2ωn + n2))
= 1
192
(ω − n)(2+ ω − n)(−80− 70ω + 9ω2 + 10n − 34ωn + 25n2),
n−ω−1∑
n−ω
2 −1
ε(v j)D(v j)
=
n−ω−1∑
n−ω
2 −1
( j + 2)
(
1
2
(−2+ 2 j + 2 j2 + 5ω + 4 jω +ω2 − n − 2 jn − 2ωn + n2))
= 1
192
(2−ω + n)(−96+ 192ω − 130ω2 + 31ω3 − 96n + 108ωn − 37ω2n + 22n2 − 19ωn2 + 25n3).
If n − ω is odd,
n−ω−1
2 −2∑
j=0
ε(v j)D(v j)
=
n−ω−1
2 −2∑
j=0
(n − ω − 1− j)
(
1
2
(−2+ 2 j + 2 j2 + 5ω + 4 jω +ω2 − n − 2 jn − 2ωn + n2))
= 1
192
(3+ω − n)(−1− 57ω + 49ω2 + 9ω3 + 49n − 26ωn − 43ω2n − 23n2 + 59ωn2 − 25n3),
n−ω−1∑
j= n−ω−12 −1
ε(v j)D(v j) =
n−ω−1∑
j= n−ω−12 −1
( j + 2)
(
1
2
(−2+ 2 j + 2 j2 + 5ω + 4 jω + ω2 − n − 2 jn − 2ωn + n2))
= 1
192
(3− ω + n)(−1+ω − n)(57− 80ω + 31ω2 + 16n − 6ωn − 25n2).
Finally, we have
ξd
(
K (n,ω)
)= (ω − 1)(n − ω + 1)(ω − 2+ 1
2
(n − ω + 1)(n − ω + 2)
)
+ (n − ω)
(
ω − 1+ 1
2
(n − ω + 1)(n − ω)
)
+
n−ω−1∑
j=0
ε(v j)D(v j),
and this implies the formula.
5. Concluding remarks
In this paper we introduced one graph transformation that increases the eccentric distance sum and proved that path Pn
is the unique extremal trees with n vertices having maximum eccentric distance sum. Various lower and upper bounds for
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for the values of eccentric distance sum for the Cartesian product, applied to some graphs of chemical interest.
There are still many interesting open questions for the further study. It would be interesting to compute the values of
ξd(G) for various classes of graphs, and to introduce the ordering of trees and unicyclic graphs with respect to eccentric
distance sum. In the following, we present three derivative indices of the eccentric distance sum and research of those
indices seems the most natural course of the future work.
The adjacent eccentric distance sum index is deﬁned in [31] as
ξ sv(G) =
∑
v∈V (G)
ε(v) · D(v)
deg(v)
.
The augmented and super augmented eccentric connectivity indices [3,12] are novel modiﬁcations of the eccentric connectiv-
ity index with augmented discriminating power,
ξac(G) =
∑
v∈V (G)
M(v)
ε(v)
and ξ sac(G) =
∑
v∈V (G)
M(v)
ε2(v)
,
where M(v) is the product of degrees of all neighboring vertices of v . These indices were found to exhibit high sensitivity
towards the presence and relative position of heteroatoms.
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